We consider an array of optically levitated nanospheres in vacuum and investigate nontrivial phonon transports in this system. The levitated nanospheres are coupled by optical binding. Key parameters of this system, such as the interaction range, trapping frequencies and mechanical dissipation, are all highly tunable. By tuning the spacing between neighboring spheres, the mechanical dissipation and the trapping frequency of each sphere, counter-intuitive phenomena such as prethermalization and nonreciprocal phonon transport can be achieved. Our system provides a great platform to investigate novel phonon transport and thermal energy transfer.
I. INTRODUCTION
An optically levitated dielectric particle in vacuum is a novel optomechanical system that gains lots of attentions recently [1] [2] [3] [4] [5] . Many recent studies focus on the center-of-mass motion [5, 6] , librational motion [7, 8] , rotation [9] [10] [11] [12] , nonlinear dynamics [13] [14] [15] [16] , and nonequilibrium thermodynamics [4, [17] [18] [19] [20] of a single levitated nanoparticle. Because of its ultra-high mechanical quality factor, this system is an ideal testbed for macroscopic quantum phenomena [21] [22] [23] [24] [25] , and can be used for ultrasensitive measurements of force, torque, mass and acceleration [26] [27] [28] [29] [30] [31] . With the development of related technologies, a nanoparticle has been trapped in high vacuum and its center-of-mass motion has been cooled to a mean thermal phonon number in the order of 10 [32] . The optically levitated nanoparticle could be further cooled to the quantum ground state through cavity sideband cooling, which will enable us to investigate dynamics of nanoparticles in the quantum regime [6, 33, 34] .
Multiple dielectric particles can also be levitated simultaneously [35, 36] and the optical fields can generate forces between them. This phenomenon is so-called 'optical binding' [36] [37] [38] , which can induce interesting selforganization phenomenon [39] [40] [41] . While there have been many studies about optical binding of particles in liquid [37] , systems of optically bond dielectric particles in vacuum are largely unexplored. In this paper, we consider an optomechanical array of levitated nanospheres in vacuum, and study phonon dynamics and energy transport in it.
Controlling the behavior of phonons is of great research interests in acoustics, nanoscale thermal energy transfer, and material science. There have been many new developments in controlling phonon dynamics, such as phononic crystal [42] [43] [44] , phononic Josephson junction [45, 46] and acoustic diode [47, 48] . Nonreciprocal phonon transport is one of the most important research directions in this field. Various methods, including nonlinearity [48] [49] [50] [51] , parametric modulation [52] , PT symmetry [53] [54] [55] and topological design [56] [57] [58] , have been proposed to realize the nonreciprocal transport. Meanwhile, there are some experiments and theories on prethermalization [59] [60] [61] [62] , which describes quasistationary states that stay out of equilibrium for very long time.
Recently, there is a new approach to tailor the phonon dynamics by using optomechanical interactions. Optomechanical structures have been designed to investigate many-body effects [63] [64] [65] , achieve topological transport [66, 67] or pseudomagnetic fields [68] . These works mostly based on cavity-based optomechanical resonator arrays. However, current manufacturing technologies are not sufficient to fabricate cavity-based optomechanical resonator arrays with desired frequency accuracy and coupling. Different from nanofabricated optomechanical resonators with fixed frequencies, the parameters of an optically levitated optomechanical array that we are proposing here are highly tunable. For example, the trapping frequency of each nanosphere can be tuned by changing the power of each trapping laser. The coupling strength between neighboring nanospheres can be easily adjusted by using additional optical binding lasers or changing the positions of nanospheres. By tuning these parameters, we can manipulate the transport behavior of phonons in our system to realize nonreciprocal phonon reflection and prethermalization. Our system provides a versatile platform to investigate novel phonon transport and energy transfer phenomena. This paper is organized as follows: In Sec.II, we intro- duce the model, derive its classical dynamics and quantum Hamiltonian. In Sec.III, we give some typical parameters, present our calculation of coupling strength, introduce the master equation for correlation matrix and show the general behavior of energy transport. In Sec.IV, we reveal that the prethermalization could happen in our system if the trapping frequencies meet some conditions. We also investigate the phonon dynamics at different interaction range and trapping frequencies. In Sec.V, we introduce a feasible method to realize nonreciprocal phonon reflection in our system by tuning the phonon energy gain and loss. In the last section Sec.VI, we give a brief conclusion and prospect of this study.
II. MODEL
As shown in Fig. 1 , we consider a levitated nanosphere array formed by identical dielectric nanospheres. Each sphere is trapped by a linearly polarized Gaussian laser beam. We suppose the diameter of those nanospheres are much less than the wavelength of the trapping beam. In this case, we can use dipole approximation to calculate the force between the nanospheres. For the ith nanosphere, the induced dipole p i = αE i , where E i is the total electric field. The total electric field acting on ith sphere can be given by the sum of the trapping field E I i and the field generated by other dipole [37, 69] ,
where G jk is the propagator between dipole j and k and α is scalar polarizability of those nanoparticles. We substitute (1) into itself, we can get
As the αG jk is small compared with trapping field, we neglect the second order terms. The force can be calculated as F = 1 2 Re p * · ∂E . So the force acts on the i th sphere reads
Re αE
The first term is the force due to the trapping laser and the second term is the sum of those optical binding force from other spheres. Eq. (3) allows us to calculate the optical binding force
for each of two spheres first, and then sum them up. The binding force along the x axis between the two dielectric spheres seperated by R can be written as the sum of two parts [37, 70 ]
where
and
Here the two spheres are placed on the x-axis and the two trapping beams have the same frequency and polarization. E x and E y are the electric field components of the trapping beams parallel to the x-axis and the y-axis, respectively. Therefore, F xx depicts the binding force along x-axis between p i and p j due to the x components of the electric field of the trapping lasers, and F xy depicts the binding force along x-axis between p i and p j due to the y electric field components of the trapping lasers. If the polarization direction is paralleled to x-axis, i.e. paralleled to the array, E x = E 0 , E y = 0. So F x = F xx and in the far field region kR 1, F x ∼ R −2 , which scales similarly to the Coloumb force. If the polarization direction is perpendicular to x-axis, i.e. perpendicular to the array, E x = 0, E y = E 0 . So F x = F xy and in the far field region kR 1, F x ∼ R −1 , which reduces much slower than the Columb force. These characters allow us to investigate the dynamics under a Columb-like interaction, or under the interaction form that rarely exists in nature. The different force forms are shown in Fig. 2(a) , where θ denotes the angle between polarization direction of the lasers and the x axis.
As Fig. 1(b) shows, we suppose that the uniformlyspaced spheres have small vibrations around their equilibrium positions x i0 and focus on the behavior of vibrational energy transport in the array. When the ith and jth spheres deviate their equilibrium positions with displacement x i and x j , they will experience a force
We denote k n = dFx dR R=nd and ω n = k n /m, where n = |i − j|. We can write the classical dynamics of the system as
If the nanospheres are cooled to millikelvin temperatures or even to their ground states, a Hamiltonian in quantum regime is needed to describe the dynamics of the system. The Hamiltonian of the system reads
By using the annihilation(creation) operator b i (b † i ) at site i and neglecting the fast rotating terms [71] , we can get
We can cool or amplify the motion of the nanosphere by parametric or force feedback control [5, 32] . This feedback cooling (amplifying) process can be written in an equation of the average energy E i of the nanosphere phenomenologically:
We note that it is equivalent to adding −i
III. MASTER EQUATION
Using the method of feedback cooling and cavity sideband cooling, we can cool the motion of nanoparticles near their ground states. When we 'kick' or drive one of the nanosphere in array, the vibrational energy will quickly spread in the form of local phonons. Here we use the master equation to study the energy transport in the array. The master equation of the system readṡ
where L j ρ can be given in Lindblad form, where n j is the average phonon number of the environment around the jth nanosphere and Γ j is the mechanical damping rate of the jth nanosphere. If we define a correlation matrix C ij ≡ b † i b j , and Ċ = T r(ρĊ), we use the master equation and get [72] 
In an experiment, subsequent velocity and energy readout allows us to investigate how energy spreads in the array. Here we suppose that all the spheres have been cooled to millikelvin temperatures and then we excite one of them. We suppose the system is prepared in a thermal state at beginning
and we can get C ij = b † i b j =n i δ ij ,n i is the initial average phonon number of the ith nanosphere. Whether the excitation process is modeled as acting a displacement operator with arbitrary phase on the ith sphere or preparing a big fock state |n i , we can see that it will only change the corresponding matrix element C ii . So we might as well setn i n j (j = i) and simulate the dynamics of phonon number. Actually, because of ultra-small mechanical loss, the system is very close to an isolated system.
Here we list the parameters we use in this section and Sec. IV. All the nanospheres are made by silica. The diameter of every nanosphere is 200nm. The power of our trapping laser is P 0 = 100mW, its waist is w 0 = 600nm and its wavelength is λ = 1550nm. Under this situation, we choose the spacing of each two adjacent spheres d = λ to achieve a larger coupling. The polarization directions of all laser beam are chosen to be perpendicular to array. The coupling strengths as a function of x is plotted in Fig. 2(b) , and the coupling strengths between each two nanospheres under the above parameters are plotted in Fig. 3 .
To have a general picture of phonon transport, the calculation results for the case of n = 15 and the 8th nanosphere being kicked are shown in Fig. 4(a) , where the interactions among the nanospheres are due to longrange optical binding (Fig. 2(b) ). For comparison, we also calculated a hypothetical case with only nearestneighbor coupling, as showed in Fig. 4(b) . It is found that under the long-range optical binding interactions, the energy spreads in the array more uniformly and thoroughly than the nearest-neighbor coupling. We also note that the system can revive because of ultra-small mechanical loss.
IV. PRETHERMALIZATION
How an isolated system reaches thermal equilibrium, and what is its far-from-equilibrium behavior have in-trigued researchers for a long time. Recently, a phenomenon called prethermalization was predicted theoretically [59] and realized experimentally [60] in a trapped ion chain. The prethemalization is a process that system reaches a quasi-stationary state before it finally thermalizes. In the harmonic oscillator, the prethermalization is also found to happen with nonlinearity [61, 73] .
Since the damping rate of a levitated nanosphere array is extremely small in high vacuum, we can treat our system as an approximately isolated system. We investigate how does the system thermalize when the interaction between trapped nanospheres is long-range interaction or nearest-neighbor interaction. We find a highly-excited prethermalization phenomenon in our system without nonlinearity by tuning the trapping frequencies. In order to characterize how the system reaches equilibrium, we introduce a parameter [59] 
where 1] . It can be easily checked that A t=0 = −1 for kicking leftmost nanosphere, A t=0 = 1 for kicking rightmost nanosphere and A = 0 for the system states with bilateral symmetry. So A qualifies the average position of the phonons. We also introduceĀ
to depict the long-time behavior of the array. The phonon population distribution of quasistationary state can be determined by the generalized Gibbs ensemble [60] . We can diagonalize W by an orthogonal matrix U , such that U W U † = k δ kl and
The generalized Gibbs ensemble
gives the density matrix
where λ k can be derived by c † k c k t=0 = c † k c k GGE . So that we can get When the angle between the polarization direction of traps and x-axis is θ, we can derive the coupling strength between ith and jth nanosphere
where g ij,⊥ and g ij, is the coupling strength when θ = π/2 or θ = 0. As we discussed in section II, when we turns θ from 0 to π/2, the form of the g will change from proportional to r −2 to proportional to r −1 . So, it's easy to change the interaction range by adjusting the polarization direction of the laser beams to investigate the different behavior of prethermalization.
We assume that the left-most nanosphere is kicked and solve the dynamics of the system under different situations. The interaction is proportional to r −1 as shown in Fig. 3 . We can find that, by tuning the trapping frequencies properly, for example the trapping frequencies in the middle are smaller, the prethermalization can appear as shown Fig. 5 (a) and (b) . Before the A (or A) increases to 0 which marks thermalization, the system will arrive at a quasi-stationary state with non-zero A and stay there for a long time (Fig. 5 (a) ). If we take all trapping frequencies to be the same or bigger for middle spheres, as shown in Fig. 6 (a) and (b) , prethermalization will not happen. Fig. 6 (c) and (d) shows the long-time dynamics ofĀ with nearest-neighborhood coupling and coupling strength proportional to r −2 . As the Fig. 6 shows, although the quasi-stationary states aren't as obvious as Fig. 5 , the prethermalization will still happen. These results show that the prethermalization relies on both long-range hopping and trapping frequencies. Because we can set coupling and frequencies respectively, the system give us a chance to investigate their contribution to prethermalization.
V. NONRECIPROCAL PHONON TRANSPORT
Controlling photon/phonon transport, especially nonreciprocal transport has received considerable attention due to its wide application. In optics, nonreciprocal invisibility can be generated by setting PT -symmetric periodic structures [54, 74, 75] . Here we put up a scheme to realize nonreciprocal phononic invisibility in our discrete levitated nanosphere array by using a gain-loss unit.
In last section, we consider the system that is not in an eigenstate of the full coupled set of oscillators. Here, we suppose that the system is in its eigenstate, which means a collective 'phonon' transporting as a plane wave in the array. For clarity, at first we only consider the nearest neighborhood coupling in an infinite nanosphere array. Because the mechanical loss is extremely small in high vacuum, so we can neglect intrinsic mechanical loss. We add a gain on a sphere and add a loss on the nearestneighbor sphere, both with rate Γ by using the feedback amplifying (cooling) method in Eq. (11), as shown in Fig.  7 . The semi-classical evolution functions of the spheres array L, 0, loss, gain, and R, 0, are
And the semi-classical evolution fucntions of the spheres far away from the loss-gain unit are in the form of
As we can see, the time-reversal symmetry is broken but the system still holds PT symmetry with small Γ. When the gain and loss are big enough, the phase transition will occur and the behavior will be extremely asymmetric. We take the solution as the form α L,n = e iknb +βe −iknb and α R,n = γe iknb , we can get the transmissivity from left to right
The reflectivity is where δ = E − Ω and δ and Γ are divided by g for dimensionless. Here we used the dispersion relation 2g cos kb = E − Ω. Take Γ → −Γ, we can get the transmissivity γ gain→loss and reflectivity β gain→loss for plane wave incidents from the right side, and we can get γ loss→gain = γ gain→loss .
when Γ = 0, the model goes back to the trivial case where β = 0 and |γ| = 1 and the system is reciprocal. When Γ = 0, the system shows nonreciprocal features with β gain→loss = β loss→gain . We define η ≡ ln (β gain→loss /β loss→gain ) 2 to quantify the degree of energy transport asymmetric. And as Fig. 8 (a) shows, the energy transport can be extremely asymmetric. At Γ = 2 4g 2 − δ 2 or Γ = −2 4g 2 − δ 2 , this nonreciprocal behavior is most pronounced. For more precise, we can include the next-nearestneighborhood hopping terms, and the semi-classical equations read
+ g 1 (α L,−1 + α loss ) + g 2 (α gain + α L,−2 ) Eα R,0 = Ωα R,0 + g 1 (α R,+1 + α gain ) + g 2 (α R,+2 + α loss ) .
We take the solution as the form α L,n = e iknb + βe −iknb , α R,n = γe iknb as well and and let g 2 = g 1 /2 approximately. Now, the dispersion relation becomes 2g 1 cos kb + 2g 2 cos 2kb = E − Ω. We show η = ln[(β gain→loss /β loss→gain ) 2 ] in Fig. 9 . From Fig. 9 (a), we can find that there are more values of Γ and δ that can realize nonreciprocal reflectivity in the case.
When Γ satisfies Γ = Γ 1 (δ) or Γ = Γ 2 (δ) where Γ 1 (δ) and Γ 2 (δ) can be determined numerically, the reflectivity for right-incident wave β gain→loss = 0 and we show β 2 gain→loss in Fig. 9 (b) . As the Fig. 9 (b) shows, because of the next-nearest-neighborhood hopping terms, energy can transport without going through the gain-loss unit, so the nonreciprocal effect will decease. We can use multiple gain-loss units to compensate.
VI. CONCLUSION
In summary, we have investigated the dynamics of a levitated optomechanical array. As the system has many adjustable parameters, it is a great platform to study phonon transport behaviors. By tuning the trapping frequency of each nanosphere, we study the phononic energy transport behavior under different types of coupling forms, and find conditions to realize prethermalization. By adding mechanical dissipation and amplification, we propose a method to realize nonreciprocal phonon transport. In future, we anticipate a levitated optomechanical array will enable a lots of new experiments including topological random walk [76] [77] [78] , PT symmetry and so on.
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